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Abstract 


The aim of this paper is to study the heterogeneous optimization problem 
T(u) = f (G(|Vul) + qF(u*) + hu + à+Xtu>o})de — min, 
Q 


in the class of functions WC (Q) with u — y € Wi? (Q), for a given function y, where W ^ (Q) is the class of weakly differentiable 
functions with fo G(|Vu|)dz < oo. The functions G and F satisfy structural conditions of Lieberman's type that allow for a different 
behavior at 0 and at oo. Given functions q, h and constant A+ > 0, we address several regularities for minimizers of J (u), including local 
C? —. and local Log-Lipschitz continuities for minimizers of J (u) with A+ = 0, and A+ > 0 respectively. We also establish growth rate 
near the free boundary for each non-negative minimizer of J (u) with A+ = 0, and A+ > 0 respectively. Furthermore, under additional 
assumption that F € C+([0, +00); [0, +00)), local Lipschitz regularity is carried out for non-negative minimizers of J (u) with A+ > 0. 
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1 Introduction 


Let Q be a smooth bounded domain in R” (n > 2). Let g, f € C([0, oo); [0, 00)) N C! ((0, oo); (0, 00)) with g(0) = F(0) = 0 
satisfy the Lieberman's conditions, which were introduced in [16] for a large class of degenerate/singular elliptic equations, 
i.e., 


tg'(t 

0«d < 0 eu vt» 0, (1) 
g(t) 
with d9 « n — 1, and 
F'(t)t 

1+8 < (t) <1+ fo, Vt>0. (2) 


Fit) 
with 9, fo satisfying —1 < 0o € fo < ôo. 
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The aim of this paper is to derive interior regularity estimates for a large class of heterogeneous non-differentiable functionals 
30) = [ (GüVul)  aF(u*) + hu + Xextusop)de > min, G) 
Q 


among competing functions u € {u € L!(Q) : fa G VH )dz < oo, u = y on ON}, where G(t = foal s)ds, o € L™(Q) 
with fo G(|Vw|)dz < oo, ^, q € L® (N) with q Z 0, ut = max{u, 0}, and Ay > Ois a MA Note ns if no restriction 
is made on the sign of h, problem (3) has a minimizer that may change its sign near the free boundary {u > 0}.Therefore 
problem (3) is not in the one-phase case in the strict sense. 


A typical form of (3) is the free boundary problem of p— Laplacian, i.e., 
J Iu + aut)? + hue daxtus0y dz — min, (4 
Q 


over the set {u € W'(Q),u— p € Wy’?(Q)}, corresponding to set g(t) = pt?-!,d09 = go = p—1,p > 1, and 
F(t) = t, 0o = fo=y—1,0 < y < pin (1), and (2) respectively. More examples of functions satisfying (1) (or (2)) is given 
in Remark 2. 


A number of important mathematical physics problems, coming from several different contexts, are modeled by optimization 
setups, for which (4) serves as an emblematic, leading prototype. The case of y = 1,q # 0 and A, = O represents the 
obstacle type problems. The general case of 0 < y < p,q # 0 and A, = 0 is usually used to model the density of certain 
chemical specie in reaction with a porous catalyst pellet. The case of q = 0 and A, F 0 relates to jets flow and cavities 
problems. The minimization problem (4), particularly homogeneous one-phase problem (i.e., h = 0, and minimizers of which 
do not change sign), has indeed received overwhelming attention at aspects of both regularity of solutions and regularity of free 
boundaries in the past decades, e.g., just to cite a few, [11,13] for the homogeneous one-phase obstacle problems, [3,10,18,19] 
for the homogeneous one-phase chemical reaction problems with ^ € (0, 1), [2,9] for the homogeneous one-phase jets flow 
and cavities problems with q = 0 and Ay Z 0, and [15] for a large class of homogeneous one-phase free boundary problems 
of p— Laplacian type corresponding to (4) with h = 0,1 < y < p. A rather complete description of regularity theory in the 
heterogeneous two-phase free boundary problems, which contain (4) with y € [0, 1], and one-phase problems as special cases, 
was provided in [14]. 


For the setting in Orlicz spaces, regularities of solutions and free boundaries are addressed for A, = 0, h = 0,q = C in [6,7], 
and for q = h = 0,A, > 0 in [17], respectively. The homogeneous two-phase jets flow and cavities problems were studied 
in [5]. It should be mentioned that the heterogeneous two-phase problems related to (3) with F(t) = t7(y € (0,1]), and a 
version of two-phase problems related to (3) with F(t) € max{t?, t?}(p,q > 1) and h = 0, were studied in [20,22], and [4] 
respectively. Nevertheless, regularities in the problem (3) for a large class of heterogeneous non-differentiable functionals has 
been little studied in the literature in Orlicz spaces. 


The aim of this paper is to consider the free boundary problem (3) and prove several regularities for minimizers of J (u). 
Comparing with the existing results, the main contribution of this paper include: (1) our problems concern with not only the 
non-homogeneous case of h Æ 0, but also the case of F(t) < max{t?, t") with positive exponents p, q less or larger than 1, 
which can be seen as complements of [4,5,20,22]; (ii) we establish local Log-Lipschitz continuity for minimizers of J (u) with 
A+ > 0 under the assumption that 69 > 0, which is weaker than the condition that 69 > 1 (or, equivalently, at) is increasing 
in t) in [4,22]; (iii) we prove the growth rate near the free boundaries for non-negative minimizers of J (u) with h 4 0 and F 
satisfying (2), which is new even in the problem (4) with one-phase and y € (0, p); (iv) we prove local Lipschitz continuity for 
non-negative minimizers of J (u) with h Æ 0, which is an extension of [4]; (v) the results obtained in this paper are naturally 
extensions of the existing results of p— Laplican type. 


Throughout this paper, without spacial states, we always assume that 


9, f € C([0, 00); (0, 00)) n C^ ((0, 00); (0, œ0)), g(0) = F(0) = 0, g, f satisfy (1) and (2), 
h,q € L*(0),q #0,A+ > Oisa constant, 


e e WF (9) N L*(Q), 


where the definition of W L.C (Q) is given in Section 2. For t > 0, denote by f(t) the derivative of F(t), i.e, f(t) = F’(t), 
Vt > 0. We assume further in Section 4, 5 and 6 that 


f is monotone int > 0. 


Moreover, we always assume in Section 5 and 6 that there exists 7 € (0, 1] such that 


t+k k T 
[ ees). (5) 
t 


for allt > 0,k > 0, where Q(s) = UR Co = co(6o, go, T) is a positive constant. Let K = (v e W^C(Q) : v—o € 


Wd '" (Q)). Denote a ball in Q by B, B, or Bg without special statements on their radius and centres, and denote by B, (xo) 
a ball with radius r and centre zo. Without confusion, constants e, 7, c, C, Co, C1, ... appearing in this paper may be different 
from each other. 


The rest of the paper is organized as follows. We provide two remarks on the structural conditions (1) and (2) at the end of 
Section 1. Some basic properties of functions g, G and F, definitions of Orlicz spaces, properties of functions in Orlicz spaces, 
and an iteration lemma for the establishment of regularities of minimizers are presented in Section 2. Existence of minimizers 
(and non-negative minimizers) of J (u) and their L°°—boundedness and local C?:^—continuity are addressed in Section 3. 
Local C1:?—continuity, and local Log-Lipschitz continuity of minimizers are established in Section 4 for J (u) with A+ = 0, 
and A+ > 0 respectively. Growth rate near the free boundary O(u > 0} of each non-negative minimizer of J (u) with A+ = 0 
and A+ > 0 are given in Section 5 respectively. As a consequence of the obtained results, we can prove the optimal growth 
rates of each non-negative minimizer and its gradient in the one-phase free boundary problems for p—Laplacian. Under the 
further assumption on F, i.e., F € C'([0, +00); [0, --oo)), Local Lipschitz continuity of non-negative minimizers of J (u) 
with A+ > 0 is established in Section 6. 


Remark 1 We do not require any C? —continuity of F to assume that 


f£ (0t 
0o < < fo, Vt»0, (6) 
f(t) 
provided a C!—continuos function f satisfying f (0) = 0 and F(t E s)ds. Therefore (2) is weaker than the structural 


condition imposed on F by (6). 


Remark 2 In this remark, we present several functions defined on |0, 4-oo) and satisfying condition (1), proofs of which and 
more functions satisfying a slight version of (1) can be found in [21]. 


(i) g(t) = (1 + t) In(1 + t) — t satisfies (1) with ig land go — 2. 
(ii) g(t) = In(1 + at) + bt satisfies (1) with do = zu and go = °$}, where a > 0,b > 0. 
(iii) g(t) = t° age + d) satisfies (1) with 59 = a and go = a + 15, where , a,b > 0,c,d > ^ 
(iv) g(t) — LEE satisfies (1) with ôo = a — ug and go = a, where b > 0,c,d > 1,a > ug 
at?,0<t<to . 
(v) g(t) = iis satisfies (1) with 69 = min{p, q} > 0 and go = max{p, q}, where a,b, c, p,q, to > 0 such that 
ye = 60 


ath = bti + c, and apt | = bata. 


2 Some auxiliary results 


Lemma 1 ([5,17]) The functions g and G satisfy the following properties: 


(g1) min{s®, s9}g(t) < g(st) < max{s®, s%}9(t), Vs,t > 0. 

(G1) E " convex on [0, +00) and C? — continuous on (0, +00). 

(G2) 1 zo > S CO S tale), dic 

(G3) min(s?»*, soo) CH - < Gt) < (1 + g0) max{s®+1 s9+1IG(t), Vt > 0. 


(1 + go)(G(a) + G(b)), V a,b > 0. 


« 290 
(Gs) ðo < tsi) < go and ET < G,(1) € 1for all t > 0, where G,(t) = M and gs(t) = G'"(t) for s > 0. 


Lemma 2 The functions F and f satisfy the following properties: 


(F1) min(s!*9o, s! fol F(t) < F(st) € max{s!+, s!* fV F(t), Vs,t > 0. 
(Fo) F(s +t) € 2! To(F(s) + F(t)), vs, t 2 0. 

(fi) £19 mins o, sf} f(t) < f(st) < FHE max{s”, s/} f(t), vs, t > 0. 
(fe) lim tO 0, and | lim FO = d 


t—-roo gt) — 


Proof (Fi) is a consequence of (2) and (gi). 
For (F5), without loss of generality, assume that s < t, then F(s + t) < F(2t) < 21*fo F(t) < 2!+/0(F(s) + F(t)). 
For (fı), we deduce by (2) and (F1), 


stf (st) <(1 + fo) F(st) 
(1+ fo) max{s?t+%, s! foy F(t) 


1+ 
fo max{ 511% | git fo HF), 
14+ 4 


< 
< 


IA 


which yields the second inequality in (f4). The first inequality in (f,) can be obtained in a similar way. 


For ( f2), we infer from (f1) and (gi) that for large t > 1, 


foto. L+ fo oso- fo — L+ fo FC) i — L+ 0o F) 
POA < LER perehi < E HID aus < 1Ha SD qo, 


which implies , dim | = 0. The second result can be obtained in a similar way by (F1) and (Gi). a 


Lemma 3 The follows statements hold true. 


(F3) If f(t) is decreasing in t > 0, then F(s) — F(t) 


—t),Vs>t>0. 
(F4) If f(t) is increasing in t > 0, then F(s) — F(t) 


< F(s 
< f(M)(s — t), YO < t € s < M with some M > 0. 


Proof We prove (F3). Firstly, note that F(0) = 0 due to (F1). Now Fix s > 0 and let v(t) = F(s + t) — F(s) — F(t) for 
any t > 0. For t > 0, we have v'(t) = f(s +t) — f(t) € 0, which yields the nondecreasing monotonicity of v in t > 0. By 
continuity of v in t = 0, we conclude that u(t) < v(0) for all t > 0, i.e., F(s + t) € F(s) + F(t). Finally, for s > t > 0, we 
have F(s) — F(t) = F(s—t--t) — F(t) € F(s—t)+ F(t) — F(t) = F(s — t). 


For (F4), if s = t = 0, the result is trivial. If M > s > t > 0, by Mean Value Theorem, it follows F(s) — F(t) = f(£)(s — t) 
with some £ € (t, s) C (0, M]. By the increasing monotonicity of f (t) int > 0, we have F(s) — F(t) < f(M)(s — t) for all 
M > s > t > 0. Finally, (f4) has been proved. [| 


As g is strictly increasing we can define its inverse function g^ !. Then g~! satisfies a similar condition to (1.2). 


Lemma 4([17]) The function g`! satisfies the following property: 


,Vt»90. 
go g(t) ~ 60 


—1 


Moreover, g` satisfies 


(9i) min(s?v, 96 )g- (t) < g^! (st) < max{s*0, s75 )g- (0), 
and if G is such that G'(t) = g- (t) then 


SE min(s!*1/?o, 1+1/90\G(t) < G(st) < 
0 


(G2) ab € eG(a) + C(e)G(b), V a,b > 0 and & > 0, 
(Gs) G(g(t)) < goG(t). 


(G1) xxi xh c 


We recall that the functional 


Iiullze(o = EIL > o f G (5) dz < i} 
Q 


is a norm in the Orlicz space LE (Q) which is the linear hull of the Orlicz class 
Ke(Q) := fu measurable; | G(|u|)dz < too} 
Q 


Notice that this set is convex, since G is also convex. The Orlicz-Sobolev space W +€ (Q) is defined as 
WS (Q) := {u € LF (Q); Vu € (LF (0))"), 
which is the usual subspace of W11 (Q), and associated with the norm 
lull w2-¢ (9) = lulle + IIVullre(o)- 
We present some properties of spaces LF (Q) and W ^C (Q), and properties of functions in LF (Q) and W14(Q). 


Lemma 5 ([17]) There exists a constant C = C (ôo, go) such that 


LERT <cmm{ (f e lul) uw)" (fa (lul) \ar) =) 


Lemma 6 ([17]) LĒ (Q) is the dual of L€ (Q). Moreover, LE (Q) and W € (Q) are reflexive. 


Lemma 7 ((17]) LC (Q) — L'^?»(Q) continuously. 
Lemma 8 ([17]) For any u € LE (Q) and any v € L6 (Q), there holds Us uvdz| < 2||u| re (o) llvll zea: 


Lemma 9 ([8]) For any u € We’? (Q), which is the closure of CẸ° (Q) in W € (Q), there holds fẹ G(|u|)dz < fo G(c|Vu|)dz 
where the constant c is twice the diameter of €). 


Lemma 10 ([17]) Let u € L® (Q) such that for some a € (0,1) and ro > 0, 
J Güv bas scum, 0<r <r, 
B, 


with Bro € Q. Then u € C? (Q) and there exists a constant C = C (C1, a,n, go, G(1)) such that |u]o,4,o < C. 


Lemma 11 Let v be a bounded weak solution of div (YL Vv = 0 in Dg (see (54) for a definition). For every A € (0,n), 
there exists C = C(A, n, Ò, go, ||v||r»« (p4)) > 0 such that 


f G(|Vv|)dz < Crò, YO<r< R. 
B, 


Proof See [16, (5.9), page 346], or [17, Lemma 2.7]. E 
Lemma 12 ([20]) Let u € WŁF (Q), Br C Q. Ifv is a bounded weak solution of 


., 9(IVvl) 
d 
iv Vol 


Vu=0 inBr, v—uc€ Wi (Bg), 


then for any A € (0, n), there exists C = C(A, n, 60, go; |v||rss (pz) > 0 such that 


G(|Vu = vv|)dz < cf (G(|Vul) — G(Vvl)dz + CR? (f, (G(Vul) — Give) l 


Bn 


Proof See the proof of Lemma 3.1 in [20]. [| 


Let (u)r B3 T p, Uda be the average value of function u on the ball B,. 


Lemma 13 ([20]) Letu € W'C€(Q), Bg C Q. If v € WIC (Bp) is a weak solution of div AYP Vv = 0 in Bg, then for 
some positive constant 0 < o < 1, there exists a positive constant C = C (n, 6, go) such that for each 0 < r < R, there holds 


E G(|Vu — (Vu), |)dz < (s) - L G(|Vu — (Vu)n|)dz + of G(|Vu — Vv|)dz. 


The following result is an iteration lemma, which will be used in the establishment of regularities of minimizers of J. 


Lemma 14 ((14]) Let ó(s) be a non-negative and non-decreasing function. Suppose that 


Or) < Cy (5) + QE + CS RP, 


for all r € R < Ro, with C4,o, B positive constants and C», Ù non-negative constants. Then, for any T < min{a, B), there 
exists a constant Vo = Vo (C1, a, B, T) such that if à < C1, o, then for all r < R € Ro we have 


Bir) «e (£) Guo + CaP”), 


where C3 = C3(C4,T — min{a, 8}) is a positive constant. In turn, 


b(r) € Car’, 


where C4 = C4(C», C3, Ro, @,T) is a positive constant. 


3 Existence, L^? —boundedness and continuity of minimizers over the set K 


Theorem 15 (Existence and L^? —boundedness) There exists a minimizer u of the functional J (u) over the set K, and there 
exists a constant Co > 0 depending only on ĉo, go, A+, G(1), G(1), and ||p|| La) such that 


llullz=(9) € Co, 


for all minimizers u of J(u) over the set K. 


Proof We will prove that 
Io := inf(J (v); v € K} > —oc. 
For v € K, we have from Lemma 9 that 


1 G(|v — o[)dz < | G(c|Vv — Ve|)da, c = 2diam(Q). (7) 
Q Q 


Thus, using (G3), (G4) and the nondecreasing monotonicity of G we have 


f G(|v|)da < [ G(lv — el + led 


c ( f atv- ease f Gloar) 
«c ( f GUVv- velar + f etebaz) 
<C (f cive e [ aeve)ae+ | Glods), (8) 


where C is constant depending only on the diameter of Q, and ôo and go. 
(f2) implies that for given 7 > 0, there exists a constant K, > 0 such that 


F(t) € K,+7G(t), Vt» 0. (9) 


By (9), we have 


| [ qF(v*)dz 


From (G2) we have for all 7 > 0 that 


| hvdx 
Q 


where C; > 0 is a constant independent of v. 


| hudx 
Q 


< lalz- c» f Plot ae < lalla (o) s + lalz- eor f Glo) 


T f G(Jv|dz + C, L Ğ(|hl)dz, 


Therefore 


: qF (vt )da| + 


«TC (/ G(|Volde + G(|Vel) + Glede) +C, (10) 
Q 


where C > 0 is a constant independent of v. A convenient choice of 7 > 0 in (10) implies that 


[ eivebes - |f artis n 


with some positive constant K, which implies that Ig > —oo. 


+ [oon >K (14 [ GUV) + doas), 


Now consider v;(j € N), a minimizing sequence, and jo € N, such that J (vj) < Io + 1 for all j > jo. We have for 7 > 0 that 


f G(|Vvjldz —4(v;) — [ iios ae ede 


«C (f G(|Vv;[dz + G(|Vel) + Gens) m (11) 


for all 7 > jo, where C, K > 0 are constants independent of j € N. 


A convenient choice of 7 in (11) implies that 


[ &tvsstas « e «c (f even « alei), i2 fo (12) 
Q Q 
where C > 0 is a constant that does not depend on j € N. 


From (G4), (12) and Lemma 9, we deduce that v; — ọ is a bounded sequence in Wr? (Q). Since Wo’ (Q) is reflexive, there 
exists u € W)4(Q) with u — ye Wo’? (Q) such that for a subsequence we have 


v; 2 uin WF (Q). 
Then by Lemma 7, we find that 

vj > u in W:it*»(Q), 
Thus, up to a subsequence, we have that 

v; — uin L'*?*(Q), v; > uaein Q, u = pon OQ, and |vj| € hae in Q, (13) 
for some h € L^?» (Q). 


Note that 
[cdvupae < tmint f G(|Vv;|)dz. (14) 
2 J79v9 SQ 


In fact, by the convexity of G, it follows 


Vu 


J Oviz f cqvupar+ f ovy Vo- vae (15) 


We have that 


à (oiv ) < G(g(|Vul)) < CG(|Vul), 


which implies that g(IVul) rj € (LO (Q))". Thus, combining the fact that Vv; — Vu in (LF (Q))" with the inequality (15), 


we get (14). Using Lemma 2, (13) and the Lebesgue's Dominated Convergence Theorem, we have 
| F((v;)*)dr > f qF(v*)dz. (16) 
Q Q 
Using again the Lebesgue’s Dominated Convergence Theorem, we get 
| ALX{v;>0} dx — f AL X(u»0) dz. (17) 
Q Q 


Since v; — u in L!+® (Q) and h € L°°(Q), we have 


n EN (18) 
Q 
Thus from (14), (16), (17) and (18) we deduce that J (u) < lim inf J (vj), which implies that u is a minimizer of 7 (u). 

I=? oo 


Now we prove the boundedness of minimizers. Let jo € N such that jo > ||v||r»»(o). For each j > jo, define the function 
uj :0— R by 


[isma il>, 
I lu if |u| < j, 


where sgn(u) = 1 if u > 0, and sgn(u) = —1 if u < 0. Define the set A; := {|u| > 7}. For each j > jo, we have 
u = ujin A;f, and uj = j- sgn(u)in Aj. 
We have {|u;| > 0} = {|u| > 0} for all 7 € N, and (|u| — 7)t € We’? (A) for all 7 > jo. Note that 
f G(|Vu|)dz = f G(|Vul) — G(|Vu;|)dz 
Aj Q 


< f DEER EEE Xtu»o)) + E 


« lainey L |F(uf) — F(u*)jde + f h(uy — u)dz. (19) 
By (F5), we have 
Í |F (uj ) — F(u*)|dz = F(u) — F(j)dx 
Aj A;N{u>0} 


= T F(u—j +9) - F(j)ds 
A;N{u>0} 


<C F(u — j)dx + CF(j)|A;]. (20) 
Aj;n(u»0) 


In view of (9) and using Lemma 9, we have 


| F(u — j)dx «cj +7 f G(u — j)dx 
Ajn(u»0) AjN{u>0} 


«cJAj er f. Gu - iar 


XC. |A;| + ro f G(|Vu|)dz. (21) 
Aj 
By (19), (20), (21) and a suitable choice of 7 > 0, we get 
| G(|Vul)dz < C|A,| + CFG)IA;I «f hurde 22) 
Aj 


j 


Arguing as in [22, (3.12),(3.13)], we have for all € > 0 that 


f h(uj — u)dx aj [hl (Jul - ide 


j j 


<C g G(|Vu|)dz + |A;| ** =) (23) 
Aj 


where C is a constant that does not depend on £. Using (22) and considering a convenient choice of £ in (23) we get 


1+90 


Í G(|Vu|)dz < C|A;| + CFO)JA;| + CJA; * * 9. 


Without lost of generality we only consider that | A;| < 1 for all j > 7o. Otherwise we may replace |A;| with EL . Therefore 
g y y j J ZJ y rep j I 


for jy € N large enough, we have 


i G(|Vul)àz € CF()IAL,Vj > jo- 4 


By (G3), we have 


1 
i. \Vul*+9da < m f G(|Vul)da, (25) 
Agn{|Vul<1} G(1) JA;ntvulei) 
1 
vu ga « 1 9o I G(|Vu|)dz. (26) 
Ajn(IVu|21) G(1) JA;ntdvul21) 


By Hólder's inequality, we get 


1489 
sab 1+90 
f |Vu| "dz |A; EE | | Viu] +0 
Ajn{|Vul<1} Ajn{|Vu| <1} 

1469 

90-50 Vien 
«|A;| Fo | |Vu|F* 9o (27) 

Ajn(|Vu|«1) 


By (24), (25), (26), (27) and Lemma 1, we have 


l ule = f Iva has + f |Vult+da 
A; Ajn{|Vul<1} AjnflVul21) 


' 30 —90 . lo , 
<C|Aj| 1*» (F(3))|A;D = + F(G)IA;| 
1480 


<C(F(1)) m jH HI Tia JA + CFQ)j!*^|A;| 
14-6 14-8 
<C(1 + G(1)) so O+) Tao A) + O(1 + G(1)) s+] Ay), 


i 


10 


where in the last inequality we used (f2) and the monotonicity of F such that the constant depends on G(1), rather than F'(1). 
Since 0 < fo < ĝo < go, it follows 


| |Vu|H*odg < 051+ |A| = Cj] A, 22. (28) 
Aj 
where C is a constant that is independent of 7 € N. By Lemma 8, we have 
J lula < Apl ull ero cay) < C. (29) 
Jo 
Then by (28), (29) and [12, Lemma 5.2, Chap. 2], we obtain the boundedness of minimizers. a 


Remark 3 Note that from the proof of Theorem 15, we conclude that minimizers of J(u) over the set K are bounded in 
W € (Q). Indeed, arguing as in (8), we have 


| G(luļ)dz < C | (G(|Vul) + G(|IVee]) + G(il) de. 
Q Q 


For £ > 0, we have 
[ G(|Vul)dz =F (u) - T Ur EAn 
EJ (u) — ji qF(u*)da 
Q 


«J (o) + llallz-- c) » F (lul)de 


<I (e) + llallzssco) (e. ee f civu)ar), 


where C. is a constant that depends only on £. A suitable choice of € > 0 implies that 
| G(|Vul)dx € CJ (v) t C, 
Q 


where C is a constant that is independent of u. Then 


| G(|u|)dz < C. 
Q 


Finally, we conclude that minimizers of J (u) are bounded in W € (Q). 


Theorem 16 (Local C^^— continuity) Let u be a minimizer of J(u) over the set K. Then u € C^ (Q) for all a € (0, 1). 


Proof For any ball Br € Q, let v be a weak solution of the following equation 


Vo] 


fi «V'Dvy — 0 in Br, 


v=u ondBr. 


By the minimality of u, we have 


G(|Vul)de — | G(|Vol)de < l q(F(v*) — F(u*))dz + A. | eee 


Br R 
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«llallz- cos) * |. (LF(v*)] + IF (u*)Ddz + AR" 
«Jal co - I (F(lollzss qo) + F(\lull2 (eq) de + AR” 
R 
<CR", (30) 


where we used the increasing property of F’, and the fact that ||v||p~(B,) € ||vllz~(aB,) = llullzs(ons) € lulz(54) € 
lur» (o) < C, which is guaranteed by the maximum principle. By (30) and Lemma 11, for any A € (0, n), there holds 


G(|Vu|)dz «CR" «f G(|Vv|)dz < CR" + CR < CR’. 
Br Br 


Particulary, we have 


G(|Vu|)dz < CR"*^-1, 
Bn 


for any o € (0, 1). We conclude the desired result by Lemma 10. a 


Corollary 17 Assume further that h < 0 a.e. in Q, and ọ > 0 on OQ in the sense of trace. Then every minimizer of J (u) over 
the set K is non-negative in Q. 


Proof Let € = min{u,0} < 0 and € c (0, 1). By the minimality of u, it follows 


f (cuva — eẸ)|) — G(|Vu]) + a(F((u — e£)" ) — F(u*)) — he£ + à+ (Xtu-e¢>0} — m >0. 
Note that 


J E-r) f (Flu 5&)*) -Faas f q(F((u — e€)*) — F(u*))dz 
Q {u>0} {u<0} 


/ - q(F(u*) — F(u*))dx + q(F((1 —&)u*) - F(u*))dz 
=0, 


and 


A+(X{u>0} — X{u>0} dz «f As (Xta-e)u»0) — X{u>0} dx 


{u<0} 


I A+ (X(u—e£»0) m X(u»0) dx -f 
Q { 
=0. 


u>0} 


Therefore 
o «5 f (eüvtu 89) - ev) + atP(u — e) — Fut) = het +A Gen Xeo )de GD 


Vu —eVé 
<- [ ovu- ev e 


V£dz, (32) 


where we used the convexity of G and h£ > 0 a.e. in Q. Letting € — 0*, we get (Vu) vr £dy > 0. It follows 
£ get Jo "vul 


Í g(IVul)| Vu|da < 0, 
{u<0} 


which implies u = C or u > 0 a.e. in Q. By the fact that u = y > 0 on OQ, and the continuity of u, we conclude that u > 0 in 
Q. | 
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Remark 4 Without restrictions on the sign of h, it is easy to see by checking the proof of Theorem 15 and 16 that there exists a 
non-negative minimizer, which is also bounded and Cj? — contunous, of the functional in (3) over the set K = (v € W^C(Q) : 
v—oc We’? (Q), v > 0a.e.in Q} provided a non-negative q. 


4 Local Ct°®— and Log-Lipschitz regularities of minimizers over the set X 


In this section, we establish local C!s*— and Log-Lipschitz continuities for minimizers of J with A, = 0 and A, > 0 
respectively. 


Theorem 18 (Local C''^— regularity of minimizers for A, = 0) Let u be a minimizer of J(u) over the set K with A4 = 0. 
Then u € Ce (Q) for some a € (0,1). More precisely, for any X € Q, there exists a constant C > 0, depending only on 
n, bo, fo, 9o. go. G(1); sy: lull) lllo co». Ilall os @); lelle and €, such that 


[][2. (o) < C. 


Theorem 19 (Local Log-Lipschitz regularity of minimizers for \ > 0) Let u be a minimizer of J (u) over the set K with 
A+ > 0. Then u is locally Log-Lipschitz continuous. More precisely, for any X € Q, there exists a constant C > 0, depending 
only on n, 0o, fo, ôo, go, G(1), au u|l ros co» [|All rss c» llall rss lelle and €^, such that 


|u(a) — u(y)| < Cla — yll log |æ — yll, 


for any x, y € Q. Therefore, u € C?" (Q) for any T « 1. 


loc 


Proof of Theorem 18 Let Bg = Br(xo) for some R < Ro € 1, where Ro will be chosen later. Without loss of generality, 
assume that B, € Bg € Q, and B, and Bg have the same centre. Let v be a G—harmonic function in Bp that agrees with u 
on the boundary, i.e., 


., (V vl) 
d 
iv Ivv| 


Vv —0in Bg and v. — uc Wo’? (Bg). 


By Lemma 13 and Lemma 12, we have 


L G(|Vu — (Vu)-l)dz <c() n js G(|Vu — (Vu)g)dz--C | G(|Vu— Vv|)dz 


Bn 


«(z) f, G(|Vu — (Vu)gl)dz +o f (evan — G(Vvl))dz 


tole 


«eni ( f. (GUVul) - uvas) (33) 


where À is an arbitrary constant in (0,7). 


The minimality of u and the increasing monotonicity of F imply that 


f_C- edv < f 


Bn Br 


Cuai — F(u*)) * h(v — u) Jaz. 
jera [ |F(v*) — F(u*)dz + lh] ze oa) I |v — ulde. (34) 


If f in decreasing in t > 0, we infer from (F3) and (F1) that 


| IF(v*) — F(ut)|de = (F(v*) — F(u*))dz «f (F(u*) — F(v*))dz 
Bg Bgn(vt2ut) 


Bro{vut<ut} 
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chinaXiv 


< | F(v* —ut)da+ | F(u* — v*)dz 
Bro{vt>ut} Bgnü(vt«ut) 


<F(1) max | J, 


lv — [^as f lu — uas] 
Bn 


-r f |v — ult 9o dz 
Bn 


«C 4- G(1)) | 


|v — ul tdg 


Br 


where without loss of generality we assume that ||v — u||z=(Bp) X 1 due to the boundedness of v and u. 


A similar argument as in [20, (15) on page 44] gives 


f lv — uj! dz <C(e) R+ 4 ERP 
Bn 


G(|Vv — Vu|)dz, 


Bn 


where a, £o > 0 are independent of R, £o will be chosen later. 


If f in increasing in t > 0, we infer from (F4), (f1), (f2) and the boundedness of v and u that 


f |F(v*) — F(u*)ldz a 
Bn Bro{vt=ut=0} 


N 


| 
hor #0} 


=| er 


^ 


^ 


IA 


^ 


|F(v*) — F(u*)|dz «f |F(v*) — F(u*)|dz 


Bro{vt+ut #0} 


f(&))v* — u*|dz 
FUEL) lut — w*|dz 


f (lullzesqoy)lv* — ut dz 


1+ fo 
1+ 60 


<C(1+9(1)) L lv — ulde 


<C(1 + G(1) I lv — ulde, 


where £ € (min{ut,vt},max{ut,vt}) C (0, ||u]| rs (o)) and C is independent of R. 


Similarly, we get by [20, (16) on page 44] 


f lv — u|dz «C(e;) R^ **: 4 e, RP 1 G(|Vv — Vu|)dz, 
Bn Br 


where a, £1 > 0 are independent of R, £4 will be chosen later. 


By Lemma 12, (34), (35), (36), (37) and (38), we always have 


G(|Vu — Vv|)dz <CR"+™ + Ce; RP 
Bn 


«cani ( 


«Cg; + Ceg RP? 


Br 


G(|Vu — Vv|)dz + Cae x 
Bn 


2 


G(|Vu — Vea) 


G(|Vu — Vv|)dz + CR^ 2 + CR 
Bn 
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(35) 


(36) 


(37) 


(38) 


+ £2 G(|Vu — Vv|)dz, 
Bn 


where ag = min{ag, a1}, Bo = min{ o, 81}, E2 = max{€o, €1}. 


Choosing £2 small enough, we get 


G(|Vu — Vv|)dz «CR, (39) 
Bn 


where m = min(n + a», A nien, A+ Bo}. 


Finally, we get by (34), (35), (36), (37), (38) and (39) 
| (G(|Vul) — G(Vvl))dz < CR^**: + CP», (40) 
Br 


Putting (40) into (33), we obtain for all 0 < r < R 


n+a9 |, Botm 
2 


nto 
f G(|Vu — (Vu), |)dz se(z) j. G(|Vu — (Vu)r|)dz + CR^*?? + CRÉ2*" LC R3*72? 4 ORF 
B, Br 


Due to the arbitrariness of À € (0, n), we get min{ 82 +m, 4 + 242, A+ Baim) > n by setting min{ A+ a2,\+ Bo} > n. 
We conclude that there exists a3 > 0 such that 


nto 
l G(|Vu — (Vu), |)dz «e(z) | G(|Vu — (Vu)n|)dz + CR"*?5, 
B, R Bn 
In view of Lemma 14, we conclude that there is a constant a4 € (0, 1) such that 
Í G(|Vu — (Vo), |)dz < Cr" ts, (41) 
B, 
Proceeding exactly as in [20, (22) on page 46)], we conclude that there is a constant a € (0, 1) such that 


f [Vu — (Vu),|da x Cr^**, (42) 
B 


r 


which and Campanato’s Embedding Theorem give the Holder continuity of the gradient of u. a 
Proof of Theorem 19 For any fixed zo € Q, let R > 0 such that R < dist(zo, OO). As before, we denote Bg = Br(xo). Let 
h be the G—harmonic function in Bp that agrees with u on the boundary, i.e., 


ai, £V 
IVA 


Vh = 0 in Bg and h — u € Wi? (Bg). 
It suffices to note that Ins (A+ X{r>0} 7 7M Xtusoj)dz < A+R”. Proceeding as in the proof of Theorem 18, we have 
" nt+o 
| G(|Vu — (Vu),|)da se(5) G(|Vu — (Vu)r|)dz + CR", 
B, R Bn 
for all 0 < r < R. Then Lemma 14 gives 


| G(|\Vu — (Vu).|)dz < Cr”. 
B, 
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Finally, 
f |Vu — (Vu), |dz € Cr”, 
B, 


which shows that the gradient of u lies in BMO space and for any fixed subdomain 9’ € Q, there holds ||u|| 5mo) < C for 
a universal constant C > 0. The residual argument is the same as in [14, Section 5], and the desired result can be obtained. MI 


5 Growth rates near the free boundary for nonnegative minimizers of J (u) 


In view of Corollary 17 or Remark 4, we may consider non-negative minimizers of J (u) and establish their growth rates near 
the free boundary O(u > 0} for A+ = 0 and A, > 0 respectively. 


Theorem 20 (Growth rates for A, = 0) Let u be a non-negative minimizer of J(u) with A+ = 0. Assume taht zo € O{u > 


0} and B,,(xo) € Q. Then there exists universal constants Co, C1, depending only on n, 0o, fo, Ôo, go, G(1), Güy ull ro» (Q)» 
All res co» llallzes (o); lel roe (oy and B, (xo), such that 
|u(a)| < Cof (|x = zol), Vae Bro (xo), (43) 
[Vu(z)| < C19'(|y — xo|), V € Br (xo). (44) 


— (1? ; =mi l-cgo 1+ôọ 1+go 
for all 0 < r < ro, where ®(t) = t™ with po = min, cH e bd, 


Theorem 21 (Growth rates for A, > 0) Let u be a non-negative minimizer of J(u) with A+ > 0. Assume that xo € O{u > 


0} and Br (ao) € Q. Then there exists a universal constant C», depending only on n, 0o, fo, ĉo, go, G(1), aay ullt~(a), 
II^] rss c. all ros c»: lell- and ry (xo) such that 
[u(z)] < C3|x m zol, VEE Bro (zo), (45) 


for all 0 < r < ro. 


Proof of Theorem 20 Due to the local property, we may assume that u is a non-negative minimizer of J (u) associated with 
the domain Bı (xo) with xo = 0. Firstly, we prove (43). Let S(j,u) = sup  |u(x)|. It suffices to show that for all j € N 


rz€B,-j 


there holds 
S(j +1,u) < max [c9 (277), S(j,u)& (271), ..., S(j — m,u)&(2- FY), S(0, woah (46) 


with some constant c > 0. We prove by contradiction. Let us suppose (46) fails. Then for any k € N, there exists a sequence 
of integers ją € N and a sequence of minimizers ux such that 


S(jy +1, ux) > max {roo*), S(r, ux)9 (271), ..., (jy — m, uy) (27 9), ..., S(0, ux)&(277-!)) (40 


Notice that by (47) and the boundedness of ux, it follows that j — oo as k > oo. 


Let (2) = SE on = W S(r + luy) Gelt) = SUE with g(t) = G0), F(t) = Feti) with 


felt) = FL). qe(x) = q(2-F*x) and hj (z) = Sethu) (2-34). By (Gs), Gy and Fẹ satisfy (1) and (2) with the same 


2x9(ox) 


constants ôo, go, 99 and fo. For all k > 0, vj is a minimizer of the functional i (G&(|Vv|) + nF (ut) + hyv) da. Indeed, 
2Jk 
by a simple calculation we have 
x PLU 
| (Ge(|Voel) + ax Fa (ot) + have)de = 


25k 


TUM f, (G(IVul) + gF(u*) + hu)dz. 
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Particularly, v; is a minimizer of the following functional 
Ik = f (G;.(|Vo]) + qyFx(v*) + hyv) da, 
Br 


provided R = 2™ < 29", m is fixed. 


Notice that by (47) and the definition of ®, we have sup |v; | < C®(R), and 
Br 


S(jy +1, ux) > kb(2 7*) = k(2 )*)Po, 


which gives 


2(-090* (Sj, + 1, up) 9o >k% 8o 9(1+90)I« (2 Ix no (9o 90) 
(23% )1+40—Po (30—00) joo 


Bg (48) 
and 


9 (19-90) (Slik + 1, Up)) 99% > 90-90 9 (1-90) (27r \Po(Go— Po) 
>k- 90 | (49) 


Then we get by (F1), (G2), (G3), (48), (49) and sup |v, | < C®(R) 
Br 


ay, EGG +1, ung) 
lax Fi (vg )| =|qz| Thg(Ch) 
CIS Gs + 1 ug) HOF Ct) 
E exg(ox) 
< C|S(jx + Li) 
~ min((27* S (jk + 1, ux) 4%, (29 S (jp + 1, uz)? +99} 
C 


< 
~ min{20+ð0)jr (S (ji +1, Up ))>0— 9, (20.+90) 5x (S (jy +1, uj, ))9o—90Y 
C 


< min (Ibo t, ao} » 0, ask — oo. (50) 


Similarly, due to that 21?9)7* (S(5, +1, uj)?» > k^», and 20997* (S(4, +1, up)) > k0, we have |h;| — 0 as k — oc. 
For k large enough, according to the C' regularity of minimizers, we obtain ||v||c:.« (p, < C (see Theorem 18). Note that 
1 1 


C depends on Gy and Gx (1). However by (Gs), we see that C depends on ag and G (1) essentially, thus it is independent 


of k. Therefore, up to subsequence, we get vk — vo in CHP (Br) with 0 < 8 < a and any ro < 1. We deduce by v (0) = 0 
and sup |v| = 1 that 


i 
2 


sup |vo| = 1, vo(0) = 0, (51) 


i 
2 


On the other hand, using the compact condition (5), we conclude that (see [5, Theorem 6.1]) there exists a function Geo € 
C? (0, +00) such that, up to a subsequence, 


Gk — Go, gy = Gi — Glo — Jæ uniformly in compact subsets of [0, +00), 


Gi, — G'S uniformly in compact subsets of (0, +00), 
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and goo satisfies structural condition (1) with the same constants. Furthermore, we infer that vo is a Goo —harmonic function in 
Bı. Since vy > 0 in By, vo > 0 in B,,. Recalling vo(0) = 0 and the Harnack's inequality, we have vo = 0 in Bpo. Finally 
we get Up = 0 in D, due to the continuity of vp and the arbitrariness of rg. which is a contradiction with (51). Therefore have 
proved (43). 


Now, we prove (44). Set $(j,| Vu) = sup |Vu(z)|. It suffices to show 


zEB -j 


S(j + 1,|Vu|) < max fewe, S(j, [Vu E (271), SG — m, [Vulp (279), 
«450, Vep} (52) 


for some positive constant c. By contradiction, suppose that (52) fails. Then for any k € N, there exists a sequence of integers 
jk and a sequence of minimizers up such that 


S(jk +1, |Vus|) > max {k (277), S(r, | Vus) (271),..., S(jg — M, |Vug|) E (27 0*9), 


«4 S(0, | Vui[)6/(277*71)). (53) 
uy(27 km . G ; F(S(jx--1,ux : 
Let v;,(x) = XSUCLLa» ok = Sj + 1,ux), Get) = SUM with g(t) = GQ), Fet) = FEUL) with 


felt) = F} (t), q(x) = q(27 x) and hy (x) = SORT) h (2-3), Then for all k > 0, vg is a minimizer of the functional 
c 


Ta (Gi (|Vo]|) + a Fx (v*) + hyv)da. By (43) and (53), we have sup luz] € € — 0 as k — oo. Arguing as before, we 
T 


get [792328] — 0 and |h;| — 0 as k — oo, and we can conclude that there exists a Go; —harmonic function vo in By, 
satisfying uj — vg in ODP (Bro) with some 8 € (0, 1) and any ro < 1. Furthermore, we conclude that vp = 0 in B4. However, 


note that sup |Vv;,| = 1. Thus sup |Vvo| = 1, which gives a contradiction. a 
Bij2 Bij2 


Proof of Theorem 21 Let ®(¢) = t? for all t > 0, where po = min{ PREDA à ite ; Lr , 1} = 1. Then one can proceed with 


a slight modification of the proof of Theorem 20 to obtain |u(z)| € C2®(|x — zo). a 
Corollary 22 (Optimal growths in the non-homogenous one-phase problems for p—Laplacian) Let G(t) = t? with p > 
1, and F(t) = t? with 0 < y < p. Let u be a nonnegative minimizer of J (u) with A+ = 0 in (3). Assume that xo € O{u > 0}. 
Then there exists a universal constant C such that 

|u(x)| < Cla — zo”, |Vu(z)| < Cla — zo, Va € B (zo) € 2 


for all 0 < r < ro, where po = min( ;7—, Py} > L 


Remark 5 Checking the proof of Theorem 20, if h = 0 and u is a nonnegative minimizer of J (u) with A+ = 0 in (3), then we 
have 


lu(z)| € Cla — xo[^, |Vu(z)| < Cle zog +, Vae B,,(zog) EQ 


where p, = mini me xm, ). Particularly, if G(t) = t?, p > 1 and F(t) =t7,0 < y < p, we have 


lu(z)| € Cle — zo| 7^7, |Vu(z)| € Cle — zo|*5, Vx € Bnl) € Q, 


which are the optimal growth rates of minimizers and their gradients in the homogeneous one-phase free boundary problems 
for p—Laplacian. 


Remark 6 Condition (5) is used only for the compactness of Gy, by blow-up techniques, see, e.g., [5, Theorem 6.1]. For the 
case of p—Laplacian, i.e., G(t) = t”, (5) becomes trivial due to that Q' (s) = 0. 
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6 Local Lipschitz continuity of non-negative minimizers of J (u) with à, > 0 


In this section, in order to obtain local Lipschitz continuity of non-negative minimizers of J (u) with A+ > 0, we make further 
assumptions on F, i.e., assume that F € C1({0, +00); [0, +00)). Note that f € C([0, +00); [0, +00)) and there exists positive 
constants C and C» such that f(t) < C4 + Cog(t) for all t > 0. 


We say that a function u € WC (D) is a weak solution of the equation div erp Vu -—qf(u) in D,if 


Í 2 l VuVédz as ri (qf (u) + h)&dz = 0 (54) 


holds for all £ € Wie (D), where D is a domain. 


Lemma 23 (Harnack's inequality ) Let u € W'C(Bg) with 0 < u < M is a weak solution of div SED Vu — qf(u) +h 


in Bg. Then, there exists a universal constant to > 0 and a constant C, > 0 depending only on ôo, go, M, to, ||a|| r»» (p4) and 
R — r such that 


supu < Cr (gfu + RR), 
B, B, 


for all 0 <r < R. 


Proof It is a direct result of [16, Corollary 1.4]. Indeed, we amy set a4 = a2 = a4 = as = 0 and a3 = 1 in (1.3a) and (1.3b) 
of [16, Corollary 1.4] for our problem. We shall verify that conditions (1.3c)" and (1.4) of [16, Corollary 1.4] are satisfied. By 
( fa), there exits to > 0 such that for all t > to, there holds 


f(t) <9(t) = (s j n) 


t\tR " 
eal lpnmm o Pgo 
s()5 : max{R°°, R} by (gi) 


m 1 t\t 

ST IR) RB 
where without loss of generality we assume that R < 1. For 0 € t < to, due to F € C!([0, +00); [0, +00)), f(t) = F’ (t) is 
continuous in [0, to]. Then there exists a constant Mo > 0 such that f(t) < Mo for all t € [0, to]. Then for all t > 0, we have 


f(t) < = (x) T+ Mo. 


Thus we can choose bo = 0,5; = is - lla] ree (B5); 92 = Mo- falles (Ba) + Ihr (o4) and x = g^! (b2 R) in (1.3c)” and 
(1.4) of [16, Corollary 1.4]. Finally, by (g,) and [16, Corollary 1.4], we have 


supu < (iptu + gsm) < C (inta +o gon). 


T 


A consequence of Theorem 16 is the fact that {u > 0} is an open set. We have the following result. 
Lemma 24 Let u be a non-negative minimizer of J (u) with X4. > 0 in (3). Then u is a weak solution of the following equation 


. g(IVul) 
d 
lv Iul 


Vu=qf(u)+h in {u> 0). 
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Proof For any ball B C {u > 0}, consider first that £ € C° (B). There exists 0 < eo < 1 small enough such that 
{u +e > 0) n B = B forall 0 < £ < &o. Standard arguments implies that 


on f Fue) - Fl) fons 
lim f, : a= f F )£dz. (55) 


e0t 


The minimality of u implies that 


EJI (GUV + eo - GVU) + a(F(u + 6)*) - Fi Jas 


VuteVé 
[Vu 4- eV£| 


(56) 


< f a vu eve) vede += ( f atP(u ee) - Fir f hetas), 


where in the last inequality we used the convexity of G. 


From (55), (56) and letting £ — 0*, we get 


[i 2 T Vuvgar T L (qf (u) + h)£da > 0. (57) 


Using the function ¢ = u — &£ and repeating the previous arguments we get 


-f AV) —, edz — | (qf(u) + h)£da > 0, (58) 
B |Vul B 
for all € € C5* (B). By (57) and (58), (54) holds for all € € C§° (B). Now for € € Wie(B), let én € CE (B) with £4 > £ 


in Wo’? (B) as n — oo, then (54) holds with £; € C§°(B). We conclude the desired result by letting n — oo and the 
arbitrariness of B. a 


Theorem 25 (Local Lipschitz continuity for A, > 0) Given a subdomain Q € Q, there exists a constant C > 0 that de- 
pends only on €Y and universal constants, such that for any nonnegative minimizer of J (u) with A4. > 0 in (3), there holds 


[Vul] rs» a’) <C. (59) 
Proof We proceed as the proof of [15, Theorem 4.1], supposing that (59) fails. Then there exists a sequence of points X; € 
Q N {u > 0} such that 


u(X;) 


Xj;— 0(u 2 0) and dist(X;, 9(u > 0j] 


?-koo as j — +00. (60) 


Denote U; = u(X;) and dj = dist(X;, O(u > 0}). Let Y; € O(u > 0} satisfying d; = |X; — Y;|. Note that we have 


qiy VD 
[Va] 


Vu =qf(u)+h in {u> 0}. 


Thus, by Harnack's inequality, (gı), and the boundedness of u, there exists a constant c depending only on Q’ and universal 
constants, such that 


In turn, we have 


sup u > cU; — dj. (61) 
Ba, (Yj) 
ES 
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Consider the set A; = {Z € Ba, (Y;) : dist(Z, O(u > 0)) € &dist(Z, Bu, (Y;))}. Then B 
[15, Theorem 4.1]). Thus 


4; (Y;) C Aj (see the proof of 


— 
4 


dist(Z;,0Ba, (Y;))u(Z;) =M; 
:— sup dist(Z, 0Ba, (Y;))u(Z) 
ZEA; 
> sup dist(Z, OBa, (Y;))u(Z) 
ZEB a; (Yj) 
A 


D Z€Ba; (Y) 4 
"4 
3d; 
———- sup wu 
4 B, (Y) 
“a> 
It follows that 
d; 3 3 
u(Z;) > — J sup u>- sup u 
?/ ^ dist(Z;, B4, (Y;)) 4 Ba, (Y;) 4 Ba, (Y;) 
a EU 
Using (61), we have 
3 
u(Z;) > j(U; — dj). (62) 


For each j, let W; € O{u > 0} satisfy 
1 


One may get (see (4.7) in [15]) 


d; 
eA ea (63) 
rj 
It follows from (62), (63) and (60) that 
u(Zj) .. 3d; (4 1) " («2 2 i) eer (64) 


rj Arj \ dj j 


Proceeding as (4.10), (4.11) in [15], one has (for j large enough) 


sup u< 2u(Z;), sup >L, (65) 
Bry (W) ^" aew ~ 2 
a 
for some universal constant c' > 0. Now for each j, define the function u; : B1(0) — (0,2) by 
u(W; + 2X) 
(X) = ————32—7. 66 
uj) u(Z;) m 
It follows from (65) that 
c 
; <2 >= ;(0) = 0. 67 
max ty <2, manu >, u; (0) (67) 
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Let o; = ?"Z2, G;(t) = SC. with g(t) = Gi), RW) = EEK with A = FO, aj(X) = (W; + ZX), 


hy(X) = SO ETO and Aps = 34. Then for all j > 0, 
tg; (t) tF; (t) 
ðo € ——— < go, 14% € LL <1+ fo (68) 
g;(t) Fj(t) 


Let v be the G—harmonic function in Br; (W;) with the boundary data u, i.e., 
2 


div £D Vv —0 in Br (W;), 
v —u ondBr; (Wj). 
2 


Let v; : Bi (0) — (0, 2) be defined by v;(X) = EAD. Then v; satisfies 


div Vo; =0 in Bi(0), 
Vj = uj; On OB(0). 


Let Y = W; + 2 X, then 


I "Td = Gee G(o;|Vu;(X)|)dX. 


LJ. 
2 


C 2 It follows 
= J eDay (3) [Seales ax 
ce Brj (Wj) cj9(o;) 2 Bi(0) 2,9(o5) 

(2) f. Glvu;Gopax, 

2 Bi(0) 
which gives 
- l G,(|Vuj)az = (2) n GV uD ac. (69) 
Bs (0) 2 Br; (W5) 039(05) 


MER 
2 


By the minimality of u, we have 


m (wi) wae i (W;) RUE «jf rj (W3) Cuai — F(u*)) + h(v — D) dx 


F a» f (X{h>0} — X{u>0} )dx 
Br; (W;) 


Ty 
2 


glide | (LF(h)] + |F (u)l)dz + Cr? 
2 JBr; (W;) 
E 


«Cr? 


(70) 


where we used the boundedness of h and u, v, and the increasing property of F in the last inequality. 
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We infer from (69) and (70) 


| G;(|Vu,|)da -f G;(|Vvj|)dz € —— > 0 bya; — +00. (71) 
Bi (0) Bi (0) c59(c;) 
Then we deduce by Lemma 12 and (71) 
1 : 
f Gy(|Vuj - Vejls < ( ) » 0 as j — +00, (72) 
B, c39(c;) cj9(c;) 


where we used the uniform boundedness of f By G;(|Vv;|)dz due to the uniform boundedness of u; and v; (see, e.g., Lemma 
11). 


We get by (G3) 


[a |Vuj — Vvj|-*9odz + [a |Vu; — Vv; |!*?odz < cf G;(|Vuj — Vvj|)dz, (73) 
q 1 


1 
where By = B1 N ([Vuj — Vvj| < 1} and BY = B1 N {|Vu; — Vu;| > 1}. Hólder's inequality gives 


148g 
+90 


All 
l |Vu; — Vvj| tdr < c( | _ [Vaz — vojjr*as) (74) 


1 1 


So we obtain by (73) and (74) 


THO 
(f [Vu; — votes) : «f |Vu; — Vv;| eda < cf G;(|Vu; — Vvj|)dz, 
Br Bt Bı 


1 


which and (72) imply that 
| |Vu; — Vv;|-*?*dz — 0 by j — +00. 
Bi 


It follows by Poincaré's inequality that 
uj — vj — 0 strongly in Wj’? ?*(B,). (75) 


Note that the uniform boundedness of v; guarantees that, for any ro € (0, 1) there exists a universal constant C > 0 satisfying 
ILE lle: (Bro) < C (see, e.g. [20, Theorem 1.2]). Therefore, we can find vp in Bp, such that, up to a subsequence, 


Uk — vo and Vv, — Vo, uniformly in B,- 
On the other hand, noting that uj is a minimizer of the following functional 


Sy = a (G;(IVwl) + a F;(w*) hw + Xe;Xqwsoy)dr — min, 
1 


and recalling the structural conditions of g;(t), F;(t), and A, and the boundedness of qj, hj, we have the uniform Hélder’s 
estimate of uj, i.e., ||u;||ca(B,,) € C. So, we conclude that there exists a uo € C? (B,,) such that 


Uk — Uo uniformly in Bro- 


We conclude this way that uo = vo in B, by (75). 
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Now using the compact condition (1), we conclude that (see [5, Theorem 6.1]) there exists a function Goa € C? (0, +00) such 


that, up to a subsequence, 


Gj — Gæ, gj = G} — GL, = ge, uniformly in compact subsets of [0, +00), 


G} — G uniformly in compact subsets of (0, +00), 


and goo satisfies the same structural condition as (68) with the same constants. 


We now claim that uo is a Goo —harmonic function in B,,. Indeed, by the minimality of uj again, we have for any o € 


C$ (Bro) 


f, ouas f 
Bro B 


F L (Asp X{u;+p>0} = AL 4X(u»0) dz. 


TO 


TO 


Note that q; is uniformly bounded, c; — +00, ||h;|| p, — 0 and u, p are bounded, then 


||h; us + e)* — uF Ila, — 0, 


$2 q|| Læ F(sup|u 


c9(0,) = 0;9(0;) 


and 
— lallzss qm y F («(W; + ZX)  u(Zj)v) 
cjg(co;) 
llall ze co. F ((1 + sup ||) sup |ul) 
By B, 


qjF;((u5 + v)*) 


» 0. 


< 
B 059(0,) 


Note also that 
G;(|Vu;l) € C(G;(IVu; — Vv;l) + G;(IVv;])), 

which, the C! —convergence of vj, and (72) imply that there exists £ € L! (B,,) such that 
G;(|Vuj|)<€ a.e. in BB,- 


Once Vu; — Vuo a.e. in Bro, Lebesgue's dominated convergence theorem implies 
f G;(|Vuj|)dz > | Goo (|Vuol)da, 
Bro Bro 
and 
f G;(|Vuj + Vo|)dz 2 I Goo (|Vuo + Vo|)dz. 
Bro Bro 
Then we obtain by (76), (77), (78), (79), and A+; — 0 
| &slvugdas l Goo(|Vuo + Veda 
Bro Bry 


This implies that uo is a G4; —harmonic function in B,.,. 
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(avu EEI E EE E jas 


(76) 


(77) 


(78) 


(79) 


Since u; > 0 in By, uo > 0 in B,,. Note that uo(0) = 0. The Harnack’s inequality implies uo = 0 in B,,. Finally we get 
uo = 0 in D, due to the continuity of u and the arbitrariness of ro, which is a contradiction to (67). | 
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